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ORBIT DETERMINATION AND ANALYSIS
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Cosmos 462 (1971-106A) was launched on 8 December 1971 into an orbit inclined at
65.75° to the equator, with a perigee height of 230 km and apogee height of 1800 km.
The satellite remained in orbit for 40 months and decayed on 4 April 1975. Orbital
parameters have been determined at 85 epochs by using the R.A.E. orbit refinement
program PROP, with 6635 radar and optical observations, including 197 from the
Hewitt cameras. The average standard deviation in eccentricity and inclination corre-
sponded to a positional accuracy of about 100 m. In addition, orbits of similar accuracy
were determined daily for the last 15 days of the life, from 2000 NORAD observations.

Duringits slow decay, the orbit passed through 14:1,29:2 and 15: 1 resonances with
the Earth’s gravitational field. The variations in inclination and eccentricity at these
resonances have been analysed in detail to evaluate lumped geopotential harmonic
coeflicients of order 14, 29 and 15.

The variation of inclination between resonances has been analysed to obtain four
values of the average atmospheric rotation rate /1 at heights of 200250 km in 1972-5.
The values of 4 show a seasonal dependence, being greater in winter than in summer,
and the average rotation rate is lower than in the 1960s, being near 1.0 rev/day. Analy-
sis of the inclination in the last 15 days of the satellite’s life indicates a weak west-to-east
wind at high latitude (54-62°N).

The variation of perigee height has been analysed to obtain 24 values of density scale
height H, including eight in the last 15 days. Comparison with values from CIRA
1972 shows a bias difference of only 19, and r.m.s. difference of 109, so CIRA 1972
provides a good approximation to the values of Hin 1972-5.

1. INTRODUCTION

Cosmos 462 entered orbit on 3 December 1971 and was one of a pair of satellites launched by the
U.S.S.R. to test high-speed interception (Sheldon 1976; Freedman 1977; Perry 1977). Cosmos
462 was the hunter satellite and exploded after passing the target satellite, Cosmos 459. This
explosion occurred 3.5 h after launch and the largest piece of the satellite remaining in orbit was
designated 1971-106A.

After this experiment, 1971-106A had an orbital period of about 105 min, perigee height
230 km, apogee height 1800 km and inclination, ¢, 65.7°; the satellite remained in orbit for 40
months, without further disturbance and decayed naturally on 1975 April 4.90 (Pilkington ef al.
1979)-

Early in its lifetime, 1971-106A was selected for high-priority observing by the British optical
and radar tracking stations, including the Hewitt cameras at Malvern and Edinburgh; 1971~
106A was in an orbit which would be useful for determining the atmospheric rotational speed
from the decrease in orbital inclination, and air density at heights near 200 km could be
evaluated from its decay rate.

The orbit of 1971-106A has been determined from all available observations with the aid of the
R.A.E. orbit refinement program proP (Gooding & Tayler 1968), in the ProP 6 version (Gooding
1974), at 85 epochs during its 40 month life. In addition 15 daily orbits at the end of the life were
determined from NORAD observations. This paper describes the orbit determinations, and the
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COSMOS 462: ORBIT DETERMINATION AND ANALYSIS 475

analyses of variations in the orbital parameters. The changes in inclination and eccentricity at
14:1, 29:2 and 15:1 resonances have been analysed to determine lumped geopotential coef-
ficients of order 14, 29 and 15. (There was no detectable perturbation at 31:2 resonance.) The
values of inclination between the resonances have been analysed to determine the atmospheric
rotation rate at heights near 200 km. The accurate values of perigee height obtained, which have
already been used in evaluating the air density (Walker 1978 4), have been analysed to determine
the atmospheric density scale height. The residuals of the observations have been used to assess
the accuracy of each observing station.

2. THE OBSERVATIONS

The orbit of 1971-106A has been determined at 85 epochs from 6635 observations. A break-
down of the number and type of observations used on each of the 85 runs is given in table 1 on
page 506.

The observations can be divided into six groups (see table 1), the most accurate being those
from the Hewitt cameras at Malvern (M) and Edinburgh (E). These observations, which were
available on 43 transits, 29 from Malvern and 14 from Edinburgh, usually have an accuracy of
2" in direction and 1 ms in time.

The observations in the second group, made by the kinetheodolite at the South African Astro-
nomical Observatory, have a directional accuracy of 1’. These observations are very valuable
because they can greatly improve the orbital accuracy, especially the values of eccentricity, as
they are made in the southern hemisphere, whereas northern-hemisphere observations are
predominant.

The third group consists of visual observations made by volunteer observers reporting to the
Radio and Space Research Station (now Appleton Laboratory), Slough, and to the Moonwatch
Division of the Smithsonian Astrophysical Observatory. These visual observations usually have
directional accuracies between 1’ and 4’. This group accounted for about 209, of the total
number of observations available.

The fourth group of observations are those made by British radar stations. About 80 obser-
vations were made by the radar tracker at R.R.E., Malvern, and the rest, around 2250, by the
radar trackers at R.A.F., Fylingdales.

The fifth group consists of U.S. Navy observations, supplied by the U.S. Naval Research
Laboratory. Some 2550 observations were available with a topocentric accuracy of about 2'.
The final group of 120 observations comes from the theodolite at Jokioinen, Finland, with
accuracy of about 5.

3. THE ORBITS OBTAINED AND THE OBSERVATIONAL ACCURACY
3.1. The orbits

Orbits were determined at 85 epochs fairly evenly spaced over the satellite’s life, and the orbital
elements at each epoch are listed in table 2 (on pp. 508-511) with the standard deviations below
each value. The epoch for each orbitisat 00 h on the day indicated. In the PRoP6 model (Gooding
1974) the mean anomaly M is fitted by a polynomial of the form

M = My+ Mt + Myt% + My 3+ M, 14+ M 15, (1)
48-2
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where ¢ is the time measured from epoch and the number of M-coefficients used depends on the
drag. For a high-drag orbit like that of 1971-106A, the number of coefficients to be used is found
by trial and error. Best results were obtained by using M to Mj, the full complement of coefficients
allowed in the PrRoP model, for 32 of the 85 orbits; 33 orbits required M to My; 16 orbits M, to M,
and the remaining 4 needed only coefficients A to M,.

The orbits all fit the observations in a satisfactory manner, with ¢, the parameter indicating the
measure of fit, ranging between 0.99 and 0.30, where €? is the sum of the squares of the weighted
residuals divided by the number of degrees of freedom; and the weighted residual is defined as the
value (of right ascension or declination) given by the orbit, minus the value given by the obser-
vation, divided by the a priori error assigned to the observation. No particular difficulty in fitting
was experienced at the times of magnetic storms, when the drag is liable to vary irregularly.
For example, the orbit at the time of the major solar disturbance in early August 1972 fitted well.
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F1GURE 1. Variation of eccentricity, e. ®, from orbits of table 2; A, from table 4.

Hewitt camera observations were available for inclusion in 24 of the orbits determined (see
tables 1 and 2). For these 24 orbits the standard deviation (s.d.) in eccentricity ranged from
0.000002 to 0.000029 with an average of 0.000012, corresponding to about 80 m in perigee or
apogee height. The standard deviations in inclination varied from 0.0001° to 0.0011° giving an
average s.d. of 0.0006°, also equivalent to about 80 m in distance. The other 61 orbits, those
without Hewitt camera observations, had standard deviations in inclination varying from 0.0007°
to 0.0030° with an average of 0.0014°, equivalent to some 170 m in distance, more than double the
average s.d. of the orbits with Hewitt camera observations. The improvement in accuracy for
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COSMOS 462: ORBIT DETERMINATION AND ANALYSIS 477

eccentricity is less significant, being about 15 9,. The same increase in accuracy for eccentricity is
achieved on those orbits by using the Cape kinetheodolite observations. This confirms the opinion
already expressed that, while the Hewitt camera observations greatly improve the accuracy of the
orbital inclination (and the other orbital parameters to a lesser degree), the southern-hemisphere
observations have a great influence in defining the shape of the orbit, as shown by the increased
accuracy in eccentricity.

Figure 1 shows the values of eccentricity, from table 2: the gradual decrease due to drag is the
dominant feature; for most satellites the oscillation due to odd zonal harmonics is usually also
important, but it is so small as to be imperceptible for 1971-106A, because the inclination
(65.7°) is close to the value (66.1°) where the effect of the third zonal harmonic is cancelled by the
effects of the fifth and higher harmonics (see King-Hele & Cook 1974). The maxima and minima
in slope of the curve in figure 1 coincide with the minima and maxima in the variation of the
satellite’s perigee height, which occur when the perigee is at the equator or at maximum latitude.
Figure 4 of Walker (1978 ) shows that perigee height has maxima at Mjp 41575, 41920 and 42 240,
and minima at MjDp 41410, 41760, 42105 and 42420. (The triangles in figure 1 indicate values
from the daily orbits for the last 15 days of the life; Mjp is modified Julian day.)
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Ficure 2. Variation of inclination, 7. ®, from orbits of table 2; A, from table 4.

Figure 2 shows the values of inclination, ¢, from table 2 (and table 4). These values of inclina-
tion are irregular, and before any meaningful conclusions can be drawn from the variation of
inclination, the values must be cleared of all perturbations (see §§5 and 6). However, the
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perturbing effects of the 14th- and 15th-order resonances are discernible in the observational
values, at dates centred on Mjp 41659 and 42302 respectively.

The accuracy of other orbital parameters is much as expected. Most of the values of right
ascension of the node, 2, have standard deviations of 0.001° or 0.002°, generally slightly higher
than the s.d. in the inclination. In the first half of the life, the argument of perigee, w, is accurate
to 0.01°, but as usual the s.d. tends to vary as ¢~ and increases considerably towards the end of the
life as ¢ - 0.

LN N

1972 1973 1974
Mar 24 Oct 10 Apr28 Nov 14 Jun 2 Dec19
-l 1 L 1 1 1 L L 1 1 1 L
41400 41600 41800 42000 42200 42400
date/Mjp

Ficure 3. Variation of argument of perigee, w.

The variation of w for 1971-106A is much slower than for most satellites, because the inclination
is quite close to the critical value of 63.4°, for which & = 0. Figure 3 shows the values of  from
table 2: the argument of perigee decreases by about 1° per day, and perigee does not quite com-
plete 2 revolutions during the 40 months of the satellite’s life.

Nearly all the values of M, are accurate to better than 1 partin 10%, and consequently nearly all
the values of semi major axis, @, have standard deviations of between 1 and 3 m.

The values of M,, which provide a direct measure of the air drag (Walker 19784), are mostly
accurate to better than } %,: they are plotted in figure 4 and have been fully utilized and discussed
in Walker (1978 a).
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3.2. Accuracy of the observations

The orbit refinement program proceeds by rejecting observations which do not fit well
(weighted residuals > 3¢): a total of 5449 observations out of the original 6635 were accepted in
the final orbits.
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F1GURE 4. Variation of M,. ®, from orbits of table 2; A, from table 4.

The residuals of the observations have been obtained by using the ORES computer program
(Scott 1969) and sent to the observers. The accuracies of selected observing stations, with five or
more observations accepted in the orbit determination, are listed in table 3, along with the number
of accepted observations. The U.S. Navy observations from station 29 are geocentric, and if they
were given in the same form as the other (topocentric) observations, their angular r.m.s. residuals
would increase by a factor of about 5. The total r.m.s. residuals in table 3 are much as expected:
0.04’ for the Hewitt cameras, 1.3’ for the Cape kinetheodolite, and from 2.0" upwards for the
visual observers and theodolites.

4., ORBITS FOR THE 15 DAYS BEFORE DECAY

After the orbital determinations described in §3 were completed, a further 2000 observations
were provided by the assigned and contributing sensors of the North American Air Defense
Command (NorAD) Space Detection and Tracking Systems (sPADATs) for the last 15 days before
decay. With the aid of these observations it has been possible to determine orbits at the end of the
satellite’s life more accurately and at closer intervals than has been possible in the past.

Fifteen further orbits were determined at daily intervals from 1975 March 21.0 by using these
NORAD observations together with other observations previously used in orbits 83-85 of table 2.


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

480 D. M. C. WALKER

TABLE 3. RESIDUALS FOR OBSERVING STATIONS WITH MORE THAN FIVE OBSERVATIONS ACCEPTED
IN THE ORBIT DETERMINATION

r.m.s. residuals

" —A~ N
number of minutes of arc
observations  range p - N
station accepted km r.a. dec. total
ol 1 U.S. Navy 245 1.9 2.0 2.8
x/%;]\:)‘ 2 U.S. Navy 104 1.9 2.0 2.8
= D 3 U.S. Navy 103 1.5 1.5 2.1
< 4 U.S. Navy 110 1.6 1.5 2.2
— P 5 U.S. Navy 154 1.7 1.6 2.3
® ~ 6 U.S. Navy 185 1.8 1.8 2.5
= 23 29 U.S. Navy 1275 0.6 0.3 0.4
=0 2531}Londerzeel 7 1.5 1.3 2.0
O 414 Capetown 89 3.2 3.4 4.7
= w 725 Bucharest 7 4.0 6.2 7.4
— 1114 Miskolc 10 3.3 2.9 4.4
52 1963 Jokioinen 109 3.7 3.0 4.7
=0 2265 Farnham 35 2.1 2.0 2.9
== 2303 Malvern 106 0.03 0.03 0.04
e O LOL Hewitt camera
Uis, 2304 Malvern radar 78 1.3 2.0 2.5
=¥ 2406 Dublin 7 2.2 2.7 3.5
T 2414 Bournemouth 168 4.0 4.2 5.8
O = 2419 Tremadoc 35 2.6 2.7 3.7
2420 Willowbrae 2217 2.2 2.2 3.1
2421 Malvern 4 159 1.7 1.7 2.4
2430 Stevenage 4 14 1.8 1.5 2.3
2437 Warrington 7 3.9 4.7 6.1
2502 Sudbury 6 6.0 5.8 8.3
2513 Colchester 7 4.9 10.1 11.2
2528 Aldershot 7 1.7 1.6 2.3
2534 Edinburgh 51 0.03 0.02 0.04
Hewitt camera
2539 Dymchurch 7 1.3 1.8 2.3
2550 Masirah 22 1.6 2.2 2.7
2577 Cape 89 0.9 1.0 1.3
kinetheodolite _
o 2596 Akrotiri 40 3.1 3.9 5.0
< 4126 Groningen 13 2.6 2.3 3.5
I 4130 Denekamp 8 3.7 4.4 5.7
8597 Adelaide 16 2.2 3.1 3.8

The orbital elements are listed in table 4 (on p. 512), with the standard deviations below each
value. As before, the epoch for each orbit is at 00 h on the day indicated. In 11 of these 15 orbits,
only the coeficients M,, M, and M, were required in the polynomial for mean anomaly,
equation (1). Thisisunusual, because the full set of coefficients is generally needed near decay (as
in table 2): here, however, the observations for each orbit extend over no more than 24 h, so that
t < 0.5 and terms in 3, {4 and #* have much less effect than when ¢ > 1 as for the orbits of
table 2. For example, if the set of coefficients in orbit 84 of table 2 were correct, the value of
M, t* (= 0.05¢%) would be < 0.003° for¢ < 0.5. So the term would not be significant for the
one-day orbit, and M, would not be needed. The values of ¢, ¢ and M, from table 4 have been
added at the right of figures 1, 2 and 4 respectively.
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COSMOS 462: ORBIT DETERMINATION AND ANALYSIS 481

The last three orbits in table 2 (orbits 83, 84 and 85) are virtually independent of the corre-
sponding orbits in table 4 (orbits E, J and N), because the latter orbits include only a few of the
original observations, which are greatly outweighed by the large number of NORAD observations.
So it is interesting to compare the elements. Orbit 83 is based on only 30 observations spread over
5.9 days, and requires all six M-coefficients, so that 10 parameters are being determined from
30 observations. This might almost be called a recipe for unreliability. The corresponding one-
day orbit, E, with 78 observations and only M, M, and M,, should be much more reliable. Com-
parison shows that the values of ¢, 2 and M, in orbit 83 are inconsistent with those of orbit E,
but the values of 7, w, M, and M, are within the combined s.d. So orbit 83 emerges from the
comparison surprisingly well. Orbit 84 is based on only 16 observations spread over 2.9 days, and
requires five M-coefficients, so that 9 parameters are being determined from 16 observations. This
might seem likely to be disastrous, and it is not surprising that the s.d. in inclination is the largest
among the 85 orbits. Comparison with the more accurate and more reliable orbit J shows that,
although the values of 7 and M, differ significantly, the values of ¢, 2, (w+ M,) and M, are con-
sistent. So orbit 84, though potentially disastrous, is fairly reliable. Orbit 85 has 39 observations
and covers 2.5 days before decay: six M-coeflicients are needed and M, is exceptionally large
(8.6 deg/day?). All analytical orbit determination programs break down at decay because the
perturbations become unlimited, so orbit 85 must inevitably be looked on with suspicion. Com-
parison with orbit N shows some significant differences, twice the sum of the s.d. on inclination and
five times on eccentricity, but good agreement on £ and (w + M,). So, although the last three
orbits of table 2 were all potentially bad (through lack of observations and proximity to decay),
they emerge remarkably well from the test of comparison with the (more accurate) one-day
orbits.

On average the standard deviations on orbits 83-85 of table 2 are about three times larger than
on the corresponding one-day orbits. The accuracy of the one-day orbits is somewhat better than
those of the main orbits without Hewitt camera observations, though not so good as the orbits
with Hewitt camera observations.

5. ANALYSIS OF VARIATION IN INCLINATION AND ECCENTRICITY AT RESONANCE

If we accept the assumption that the geopotential can be expanded in a double infinite series
of tesseral harmonics, ‘lumped’ harmonic coeflicients of a particular order (linear functions of
individual coefficients) can be determined by analysing the changes that occur in the orbital
elements of satellites which experience resonance of that order. The satellite 1971-106A was
appreciably perturbed on passing through 14:1, 29:2 and 15:1 resonances, and the effects of
these resonances on the orbital inclination and eccentricity have been evaluated.

5.1. Theoretical equations for B :a resonance

The longitude-dependent geopotential at an exterior point (r, 6, A) may be written in normal-
ized form (Kaula 1966) as

L8 5 3 (5) 2r(coso) (G cos (md) + S sin (m)} Ny, (2)

T =2 m=1\7

where 7 is the distance from the Earth’s centre, € is co-latitude, A is longitude (positive to the east),
Jx; is the gravitational constant for the Earth (398601 km?®/s?), R is the Earth’s equatorial radius

49 Vol. 292. A
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482 D. M. C. WALKER

(6378.1 km), PJ" (cos 6) is the associated Legendre function of order m and degree /, and G, and
S, are the normalized tesseral harmonic coefficients. The normalizing factor N, is given by
(Kaula 1966)
Np, =220+ 1) (I—m)!/(l+m)L. (3)
The rate of change of inclination i caused by a relevant pair of coefficients, G, and §,,, near
B :a resonance may be written (Allan 1973; Gooding 1979)
di  n(1-—e?)-2 (R

l« . . =~ -5 .
= "t (3) Fons Gl cosi=m) Re[F7 (G =S exp (-], (4

where £, is Allan’s normalized inclination function (Allan 1973), G, is a function of eccen-
tricity ¢ for which explicit forms have been derived by Gooding (1979), Re denotes ‘real part of ’
and j = 4/(—1). The resonance angle @ is defined by the equation

? = afw+M)+p(Q-v), ()

where wis the argument of perigee, M the mean anomaly, £2 the right ascension of the node and »
the sidereal angle. The indices v, ¢, £ and p in equation (4) are integers, with y taking the values
1, 2, 3, ... and ¢ the values 0, +1, +2, ...; the equations linking /, m, k and p are: m = yp;
k=ya—gq;2p=10-k.

At B:a resonance the m-suffix of a relevant (G, §,,) pair is given uniquely by the choice of y.
The values of [ to be taken must be such that/ > m and ({ —£) is even. The successive coefficients
which arise (for given y and ¢) may usefully be gathered together in a lumped form and written as

Ot = S QP Gy SH = S QPES,, (©)
1 l

where [ increases in steps of 2 from its minimum permissible value /,, and the @#* are functions of
inclination that can be taken as constant for a particular satellite, and Q%% = 1.

The rate of change of eccentricity e caused by the (/,m) harmonic near f:« resonance can be
written (Gooding 1979)

de R

& = (1= (2) By G [LEEL D Reomsn G- 8,) xp (@ - guill, (1)

with the same definitions as for equation (4).

As the Gy, functions (Gooding 1979) are of order (4le)'?/(|g|)!, it is usually found that for
orbits with eccentricity < 0.1 the (y,¢) = (1, 0) terms produce the most important resonance
effects on the inclination. For the eccentricity, the relative importance of the terms is largely
decided by the value of ¢~1Gy, {g— §(k+¢) ¢}, which is of order }ek for ¢ = 0, of order 3/ for

= + 1 and of order }/% for ¢ = + 2. So for the eccentricity the strongest effects are usually caused
by the (y,¢) = (1,1) and (1, —1) terms, if le < 1.

However, these rules do not always apply and 1971-106A proves to be somewhat exceptional,
because the inclination is quite close to the critical inclination (63.4°) and the variation of w is
slow, the value of @ being about 0.5 deg/day. Consequently the (® — w), @, and (@ + w) terms in
equations (4) and (7) are difficult to separate; when all three are included in the fitting, the
correlations between them tend to be high, and there is a danger that the values of the coefficients
obtained will have large standard deviations. So, in analysing the three resonances, the possi-
bility arises of dropping one of the three terms to improve the separation of the coefficients. This
had to be tested on all three resonances and proved a useful stratagem in two of them. The effects
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of including other pairs of (7, ¢) values, i.e. higher-order harmonics or subsidiary resonances, are
also tested for each of the three resonances analysed.

For each of the three resonances it is necessary to choose the time interval over which the analy-
sis is to be made. If too long a time interval is taken, the orbital parameter (¢ or ¢) will not be
appreciably affected by the resonance near the ends, and it is better to concentrate the analysis in
the region where the variations are strong. The danger of taking too short an interval is that there
will not be enough data points. A choice between these extremes must be made. In practice the
value of @ is used as a guide, and a range of values of @ between —60 and + 60 deg/day is
regarded as the outside limit, but the time interval is reduced if an adequate number of values
remain: generally it is advisable to use at least 20 orbits.

5.2. Fourteenth-order (14 : 1) resonance
5.2.1 Equations for 14 : 1 resonance

The most important terms in equation (4) for 14:1 resonance are those with y = 1, because
v = 2 terms are associated with harmonics of order 28 (m = yf), and should be much smaller
than those of order 14. Of the terms with y = 1, those with ¢ = 0, 1 and — 1 are likely to be the
most important, since terms with ¢ = + 2 have an extra ¢ factor. With y = 1, m = yf = 14 and
k =ya—g=1—g¢, and concentrating on terms with (y,¢q) = (1,0), (1,1) and (1, —1), the
affixes (¢, k) in equations (6) are (0,1), (1, 0) and (—1, 2). Writing only the three terms with
(y,q) = (1, 0), (1, 1) and (1, —1) explicitly and taking (1—¢?)~* = 1, the theoretical vari-
ation of inclination given by equation (4) may be written for 14:1 resonance (Kloko¢nik
1976; King-Hele et al. 1979) as

di =n (R urp
dt ~ sinz

-‘;) [Z (14 — cosi) Fy5 14 7 {80  sin @ + Cfj* cos B}
+320(14) g 147 (COsin (€~ 0) — 8l cos (& — w)} + He (14— 2 cosi)

— - ~ . 1/0\lal
X Fiy 14,6 {Ciz"?sin (@ + w) — Sz 2 cos (P + w)} + termsin {%2%7 ;::)ns (y® - qw)” . (8

The three pairs of lumped coefficients C%* and S%* appearing in equation (8) may be written
in terms of the individual geopotential coefficients (G, S,,) as indicated in equations (8).
Explicitly, with the Qf* expressed in terms of the F functions, the C%* are (King-Hele et al. 1979)

_ _ F, R\? - Fio,14,0 (R\*
Y, ﬂflz»ﬂé(_) Cro gt 20 »9(_) Crona— . 9
14 15,14 F15’14,7 a 17,14 F15,14’7 a 19,14 ] ( )
_ ~ 17F; R\? 19F, R\*
oo - THeus (_) 19 0100 (_) Croa .. 10
14 14,14 151;14,14,7 a 16,14 15F14,14’7 a 18,14 s ( )
_ _ 13F6,14,7 (R\2 ~ 15F 5,148 (R\* ~
Gt = G 7222 () Gonet 5772222 (3) G “y
14,14,6 14,14,6

and similarly for S, on replacing C by § throughout. The resonance angle @ is given by equation
(6) with & = 1 and g = 14.
The most important terms in equation (7), which gives the rate of change of eccentricity, are
those with (y,¢) = (1,1) and (1, — 1), but for consistency with equation (8) the (v, ¢q) = (1,0)
49-2
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484 D. M. C. WALKER

terms are also given explicitly. The theoretical equation for eccentricity given by equation (7)
may therefore be written for 14 : 1 resonance as (King-Hele ef al. 1979)

14 _ _ B
g—i - g (%{) [[e (g) Fi5 14,7 (S3tsin @ + (s cos D)

—15F)4 14,7{C4 sin (D — 0) — 84 cos (P —w)}
+11F, 1, 6{Ciz"?sin (D + w) — §53%2 cos (D + )}

+terms in [%1{9—%(]”'@ ez}gi(:f (ygp—qw)]:ﬂ, 1)

where the C%* and S%* are given by equations (9) to (11).

5.2.2. Analysis of inclination, i

Cosmos 462 passed through exact 14th-order resonance at Mjp 41659 (1972 December 8).
The effect of this resonance on the inclination has been analysed over a period of about 2 months
either side of exact resonance by using the THROE computer program developed by Gooding
(1971), which fits the values of 7 with equation (4) inintegrated form by the least-squares method.
During this time there were 27 values of inclination available for analysis, 10 values from the
PROP orbits in table 2 and 17 values from orbits supplied by the U.S. Navy. All values of
inclination were cleared of lunisolar and zonal harmonic perturbations by using the computer
program proD (Cook 1973) with one-day integration steps; for the orbits of table 2, the J, ,
perturbations were also removed. The U.S. Navy values were initially given standard deviations of
0.003° and the proP values were given their quoted standard deviations from table 2. Four of the
PRrOP values had their standard deviations increased to 0.0005° to allow for the neglected effect of
Earth tides; one of the U.S. Navy values was discarded because it was inaccurate and another,
that at Mjp 41612, had its s.d. increased by a factor of two.

The remaining 26 values of inclination were fitted with equation (8) by using THROE, i.e. with
(y,9) = (1,0), (1,1) and (1, — 1). The coefficients (C, §)%" in equation (8) were undetermined in
this fitting, i.e. the standard deviations are of the same order as the values of the coefficients. This
was to be expected because of the correlations mentioned earlier (§5.1) and because there were
only 26 values being fitted, scarcely enough to allow a good determination of the seven coef-
ficients (the six harmonic coefficients and the initial value of inclination).

So the values were then fitted with (y,¢) = (1,0) only. The values of lumped harmonics

obtained were B _
109C%! = 6249, 1095%' = 1+ 19, (13)

with € = 1.66 (¢ is as defined in §3). A further run, with (y,¢) = (1,0) and (2, 0), offered no
advantage: the (2, 0) coefficients were undetermined and ¢ increased slightly. The values of the
coeflicients in equation (13) are satisfactory in that they provide an acceptable fitting, but they
include the effects of the neglected (1,1) and (1, —1) terms. Values of individual 14th-order
coefficients (King-Hele et al. 1979) indicated that the values of C%* and S%! for 1971-106A
should be approximately 9 x 10° and — 25 x 10-9. These values are of the same order as those in
equation (13) but differ sufficiently to suggest that the absorption of the (1,1) and (1, — 1) terms
does affect the values obtained.

Next the variation of inclination given by using the values 109C% ! = 9and 10°8%! = — 25was
calculated with the aid of THROE. It was found that the variation in inclination was extremely
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COSMOS 462: ORBIT DETERMINATION AND ANALYSIS 485

small, never more than +0.0008°. The (1,0) terms were therefore discarded and the values of
inclination fitted with (y,¢) = (1,1) and (1, —1). The results were fairly satisfactory, with
e = 1.5 and standard deviations about  of the values of the coefficients.

The next point to be considered was the possibility that (y, ¢) = (1, 2) and (1, — 2) terms might
have an appreciable effect. Values of (C, S)3,~! and (C, 8)3,>* were calculated from the values of
individual 14th-order coefficients from King-Hele ez al. (1979), and the variation of inclination
due to the (y,¢) = (1,2) and (1, — 2) terms was calculated by using THROE. These terms produced
an appreciable change in inclination at resonance, about 0.0015°. The raw values of inclination
were therefore modified by subtracting the effect of the (1, 2) and (1, — 2) terms as given by this
calculation and a new fitting of (y,¢) = (1,1) and (1, — 1) terms was made.

The values obtained were

109CL° = — 399+ 218, 109540 = 394 + 158,} (14)

10°C;;+2 = 101 + 97, 10982 = 412 + 152,

with € = 1.48. The fitting is quite good, the curve being shown as a full line in figure 5.

T I T T T 1
X
X
X
65.74 - -
8 VNN
w A / ).
& L \S) X ]
£ 65.73 |- W X
x
X
1972 1973
Oct 10 Nov 19 Dec 29 Feb 7
65.72 | x | | I | ] J
41600 41640 41680 41720

date/Mjp

Ficure 5. Variation of inclination at 14th-order resonance. ®, from R.A.E. orbits; %, from U.S, Navy orbits.
, THROE fitting of 7 alone; ----, SIMRES fitting of ¢ and ¢ together.

The values (14) are not entirely satisfactory because of their large standard deviations, which
stem from the strong correlations between coefficients — for example the correlation between
CL® and S;;2is —0.953. So a better solution is likely to be possible from the simultaneous fit of
inclination and eccentricity by using the SIMREs computer program (Gooding 1979). This will be
discussed after the analysis of the values of eccentricity.

5.2.8. Analysis of eccentricity, e

The effect of the 14 : 1 resonance on the eccentricity of the orbit of 1971-106A has been analysed
over the same period as the inclination, i.e. about 2 months either side of exact resonance, from the
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same 27 orbits. The U.S. Navy values were given standard deviations of 0.00008 and the PrOP
values were given the standard deviations quoted in table 2. Three of the proP values of eccen-
tricity had their standard deviations increased to 0.000008 to allow for the neglected effect of
Earth tides, and the U.S. Navy value dropped from the inclination analysis because of inaccuracy
was also omitted here, for the same reason. All values of eccentricity were cleared of lunisolar and
zonal harmonic perturbations by using the PROD computer program as with the inclination
values.

0.0912 T T T T X I
LN
5,_3?‘ 0.0910 ]
s
g
P -
- X
VA
0.0908 |- 1872 -
Oct 10 1973
X Nov 19 Dec 29 Feb 7
] | 1 ! 1 | ]
41600 41640 41680 41720
date/mMjp

FIGURE 6. Variation of cccentricity at 14th-order resonance. ®, from R.A.E. orbits; x, from U.S. Navy orbits.
, THROE fitting of ¢ alone; ----, SIMRES fitting of ¢ and e together.

After the first THROE fitting, with equations (12) but omitting (y,¢) = (1, 0) terms, it was
apparent that the U.S. Navy values of eccentricity suffered a bias relative to the Prop values. This
mismatch between U.S. Navy and Prop values of ¢ has arisen previously (Walker 1975), and was
attributed to an inconsistency in restoring the odd-zonal harmonic perturbation to the U.S. Navy
values. Since the perturbation to ¢ is of the form K sin w, where K is a constant, the simplest pro-
cedure for correcting the bias is to subtract an expression of this form from the values of ¢, the value
of K being chosen empirically to minimize the bias. Here the quantity 0.00015sin @ was sub-
tracted from each of the U.S. Navy values of e.

The first THROE run after making this modification showed that the first PROP value of ¢, at
MJp 41592, fitted badly and its s.d. was increased by a factor of 4/10. The resulting THROE run for
(v,9) = (1,1), (1, —1) gave ¢ = 1.5 and values of the coefficients with standard deviations not
much smaller than the values. Next the effects of the terms (y, ¢) = (1,2), (1, — 2) were calcu-
lated by using values of the individual coefficients from King-Hele et al. (1979). The variation
in ¢ due to these terms was appreciable, about 0.00003, so the values of ¢ were cleared of this
perturbation, and refitted with THROE. The resulting values of the coefficients were

10°CH° = — 139+ 247, 10°54° = 678 + 226, }
10°C;52 = —~ 733 + 154, 10°8;;%2 = — 271 + 165,

(15)
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with € = 1.50. In this fitting the density scale height A was taken as 42 km, the value appropriate
for a height #H above perigee. (Values of 44 and 46 km were also tried, but were less satisfactory.)
The fitting is quite good, the curve being shown as a full line in figure 6, but the standard devi-
ations of the values are too large to be regarded as satisfactory, again because of the high corre-
lation between coefficients: for example the correlation between 55 and Ciz2is 0.955. Therefore
a simultaneous fitting with ¢ is required and is discussed in the following section.

5.2.4. Inclination and eccentricity fitted simultaneously

The values of inclination and eccentricity fitted separately by THROE were next fitted simul-
taneously by least squares with the aid of the computer program siMrEs. This program combines
the results from a number of THROE runs and produces a single set of coefficients to fit the data.
The program allows a choice of weighting, so that the contributing THROE runs can be given more
or less weight according to their accuracy of fit, indicated by the value of e.

Here the final THROE runs for ¢ and ¢ were combined and no weighting factor was applied
because € was 1.5 in both contributing THROE runs. The sIMREs fittings are shown in figures 5 and
6 by broken lines and the values of the coefficients given by SIMRES are

10°C4° = 17 + 59, 109840 = — 137 + 35,
10°C;% = — 186 + 16, 109312 = 66 + 42. }

The standard deviations of the values in (16) are considerably smaller than in (14) or (15), and
the values should also be more reliable because the number of values being fitted is doubled. This
conclusion is confirmed by figures 5 and 6, which show that for both ¢ and ¢ the stMrEs fitting looks
just as good as — or perhaps better than — the individual fittings. The values (16) differ from the
corresponding values in (14) and (15) by between 0.5 and 3.2 times the sum of the standard
deviations. The individual differences for each coeflicient, expressed as multiples of the sum of the
standard deviations, are as follows:

(16)

6114,0 51140 6ﬂ1,2 S'ﬁl,z
1.5 2.8 25 1.8
e 0.5 3.1 3.2 1.6.

From this table it might be expected that the values of Cf;° and S3;%2 would be more reliable than
the other two.

In the recent evaluation of individual 14th-order harmonics in the geopotential (King-Hele
et al. 1979), the lumped harmonic values in equation (16) were used in the solutions for har-
monics of order 14 and even degree. It was found that the C;° and S;;%-2 values in equation (16)
made a useful contribution to the solution, yielding weighted residuals of 0.04 and 0.71 re-
spectively in the five-coefficient solution quoted in table 7 of King-Hele et al. (1979). The Sj;°
and Cj;2values in equation (16), however, did not fit so well and their standard deviations were
increased by factors of 5 and 10 respectively: even then, the weighted residuals for these two
coeflicients in the five-coefficient solution quoted in table 7 of King-Hele ¢t al. (1979) are —1.17
and — 1.14 respectively. This confirms the indication that the values of C® and §;3"+? in equation
(16) are more reliable than the other two.

5.3. 29:2 resonance

The changes in inclination and eccentricity at 29 : 2 resonance are expected to be only § as large
as at 14 :1 resonance, because the values of the G, are likely to be only } as large, and the
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resonance is faster because @ & aM is twice as large. So the chances of successful analysis are
poorer. However, the analysis needs to be made to assess the overall change in i at resonance.

5.3.1. Equations for 29 : 2 resonance

The most important terms in equation (4) for 29:2 resonance are those with y = 1 and ¢ = 0,
1and — 1. They = 2 terms are associated with harmonics of order 58 (m = y#), which should be
much smaller than those of order 29; and terms with ¢ = + 2 have an extra ¢ factor.

For the 29:2 resonance with y =1, m = yf = 29 and k = ya—¢ = 2 —¢, so that the affixes
(¢, k) in equation (6) are (0,2), (1,1) and (—1,3) when ¢ = 0, 1 and — 1 respectively. Writing
only the three terms with (y, ¢) = (1,0), (1,1) and (1, — 1) explicitly, the theoretical variation of
inclination given by equation (4) may be written for 29:2 resonance (Kloko¢nik 1976; Walker
1977) as

di n (R\*[R N g 0.9 s -

TRy, (z) [Z (29 — 2 cost) Fgy 99,14 {Sss%sin @ + (3% cos D}
+16¢(29 — cos?) Fyg 59,14 {Chs sin (D — 0) — S cos (P — w)}
+12¢(29 — 3 cost) Fig 99,15 {Cip™® sin (@ + w) — S+* cos (D + w)}

+ terms in {%g%?gﬁ (7@—qw)}]. (17)

The three pairs of lumped coefficients G ¥ and S%* appearing in equation (17) may be written
in terms of the individual geopotential coefficients (C,,, S,,) as indicated in equations (6).
Explicitly, with the Q%" expressed in terms of the F' functions, the G * are (Walker 1977)

= =~ F R\2 - F342916R4—
02062 = 03 9 ﬂls (—) 032 29 + e (—) C T e (18)
*®F 30,29,14 \ & Fyp,09,12 \@ om0 ’
_ ~ 17F R\2 - 18F R\? ~
Ll C _ 2 M's1,29,15 (_) ~33,20,16 (__) c - 19
29 20,20 T JedE T s012 \@ 8,20 T F29, 20,10\ 33,29 s (19)
_ ~ 13F R\2 - 14F, R\* -
G138 — C _ 29 81,20,14 (_) " 33,29,15 (_) c - 20
29 29,207 o oo 0.1 \@ sL20 T og F29,29, L \a 33,29 ’ (20)

and similarly for S, on replacing C by § throughout. The resonance angle @ is given by eqhation
(5) with & = 2 and f§ = 29.
For the 29:2 resonance, the theoretical variation of eccentricity given by equation (7) may be
written in terms of the same (CZ%, §2%) as (Walker 1977)
20 R\ = 0.9 .t ~
%; =n (%e) ﬂ: —e (;) Fyy, 00,14 (5232 sin @ + C332 cos D)
— 16Fy9, 39,14 {Ci sin (P — w) — 85" cos (P — w)}
+12Fyg 59 13{Cis"?sin (D + 0) — S5 cos (P + w)}

+ terms in [(—%L()l%———lf;l;_l{q—%(k-i-q) ez};orf (y@—qw)]:ﬂ. (21)

Three terms are given explicitly in equation (21), those with (y,¢) = (1,0), (1,1) and (1, —1).
The main terms are expected to be those with (y,¢) = (1,1) and (1, — 1) but the (y, ¢) = (1,0)
term is also given explicitly for consistency with equation (17).
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5.3.2. Analysis of inclination, ¢

The inclination of Cosmos 462 was analysed at the time of 29 : 2 resonance by using 21 values of
inclination, seven values being from the PrROP orbits in table 2 and 14 values from orbits supplied
by the U.S. Navy. The analysis extended to nearly 2 months either side of exact 29: 2 resonance,
which occurred at mjp 42012 (1973 November 26). All values of inclination were cleared of
lunisolar and zonal harmonic perturbations by using the PrRoD program (Cook 1973) with one-
day integration steps and, for the seven values from table 2, the J, , perturbation. The U.S. Navy
values were given standard deviations of 0.003° and the PrOP values were given their quoted
standard deviations in table 2.

T T T X |1 T T
X
65.722 ~ X -
)
(8]
)
>
8§ 5.8 —
0
=
Q
R X
65.714 |- -
1973 x 1974
Oct 5 Nov 14 Dec 24 Feb 2
! ! 1 ! 1 ] i
41960 42000 42040 42080
date/mMjp

F1cure 7. Variation of inclination at 29:2 resonance. ®, from R.A.E orbits; x, from U.S. Navy orbits.
——, THROE fitting of 1.

The 21 values of inclination were then fitted with equation (17) with the aid of THROE, i.e. with
(y,q) = (1,0), (1,1) and (1, —1). All the (C, S)§* coefficients in equation (17) were undeter-
mined in this fitting, but the fit did reveal that the U.S. Navy values were all too large: discrep-
ancies of this kind have been found previously (Hiller 1972; King-Hele 1974; Walker 1975) and
are due to differences in definition in the U.S. Navy orbits. The difficulty is avoided by making a
(constant) empirical change in the U.S. Navy values and here they were all reduced by 0.004°.
The standard deviations on one ProP value of inclination, at Mjp 42018, and one U.S. Navy, at
MJD 42060, were increased by a factor of two. The program was then re-run, but with similar

50 Vol. 292. A
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490 D. M. C. WALKER

results: all seven coefficients were undetermined, as was expected because of the correlations
mentioned earlier (see §5.1) and also because there were only 21 values being fitted.

The values were then fitted with (y, ¢) = (1, 0) only, because at this resonance ¢ = 0.065 and
therefore the (1, 1) and (1, — 1) terms should not have so much effect. The values obtained were

109C%2 = —90 £ 74, 10°8%% = — 127 + 39, (22)

with € = 0.689. These values were obtained after the 44, values on the orbits had been changed
(see §5.3.3). The fitted curve is shown as a full line in figure 7. The values in equation (22) should
be useful in the future in determining the individual coefficients of 29th order and even degree.
Even though the numerical values of the lumped harmonics were not particularly accurate, the
fitting is useful in showing that there was an overall decrease of 0.002° in passing through 29:2
resonance and in providing end points for the analysis of atmospheric rotation (see §6).

5.3.3. Analysis of eccentricity, e

The effect of the 29:2 resonance on the eccentricity was analysed using values of ¢ from the same
21 orbits. All values of ¢ were cleared of lunisolar and zonal harmonic perturbations with the aid of
proD. The proP values were given the standard deviations quoted in table 2 and the U.S. Navy
values were given standard deviations of 0.00008. The density scale height was taken as 42 km.

After the first THROE fitting with equation (21), i.e. with (y,¢) = (1,0), (1,1) and (1, —1), it
was again apparent that the U.S. Navy values of ¢ suffered a bias relative to the prop values. This
bias was corrected as previously (see §5.2.3) by subtracting an expression of the form Ksin w,
where K is a constant chosen empirically to minimize the bias and taken here as 0.00045. The
subsequent THROE fitting with (y, ¢) = (1,0), (1, 1) and (1, — 1) yielded undetermined values of
the coefficients and they also had high correlations: it was obviously not possible to determine
seven coefficients from 21 values.

In the course of the fitting of ¢, a source of error in the technique for using the THROE program
became apparent. The correction of eccentricity to allow for the effects of atmospheric drag
between one orbit and the next is calculated in THROE by using the value of A4, for the first of the
two orbits, which is assumed to apply over the time interval between them. However, it is not
correct to assume that the value of A4, for the first orbit remains valid over the time interval
between the two orbits, often 7 days: for the PrOP orbits the value of 44, usually applies over about
3 days either side of epoch, and for the U.S. Navy orbits for approximately 5 days before epoch.
So the technique hitherto used was modified, and the value of 44, at the nth epoch was taken as
(M) pyr— (M) .}/ (t,41—t,). This ensures that the integrated effect of air drag between epoch
t, and epoch ¢, , is correctly represented. This correction had an important effect in the eccen-
tricity runs, but no significant effect for inclination, where the atmospheric corrections are very
small; however, the values of M, were changed for ¢, for consistency between the fittings.

After changing the values of A, the values of ¢ to be fitted, when adjusted for the effects of
atmospheric drag by THROE, showed very little variation, all the values being within 0.00015 of
the value 0.06900. So the chances of obtaining good lumped values of 29th-order harmonics were
unpromising. Fitting with (y, ¢) = (1,1) and (1, — 1) gave quite undetermined values, so it was
necessary to fit with (y, ¢) = (1, 1) only, or (y,¢q) = (1, — 1) only. These alternative fittings were
very similar with ¢ = 1.33 and 1.30 respectively, but the latter seems marginally preferable
because it fits the PropP values of eccentricity better. The (y,¢) = (1, —1) fitting is shown in
figure 8.
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COSMOS 462: ORBIT DETERMINATION AND ANALYSIS 491

The values obtained for the coefficientsin this (1, — 1) fitting are (907 + 325) x 102 and ( — 463
+163) x 107?: these are nominally values of C"? and 8312 respectively, but they include the
effects of C3;' and S%*. However the results, even if the interference from C! and S§*isslight, are
not accurate enough to give numerical values useful in determining individual 29th-order
coeflicients. In other words, the variation in eccentricity over the region of 29: 2 resonance is too
small to yield good values of lumped coefficients because the orbit of 1971-106A is strongly
affected by drag and the effect of resonance does not last long enough for an appreciable change in
¢ to build up.

Since the change in ¢ is not large enough to give values of lumped coefficients, there was no
purpose in making a SIMREs fitting of 7 and ¢ together.

0.0692 I : , I i
bS
X
x < x X
LY B x x N
- X
‘8 X &
g
S 0.0688 |- x -
(]
1973 1974
Oclt 5 . NO\i 14 | Dec] 24 | Fet‘> 2
41960 42000 42040 42080
date/mjp

Ficure 8. Variation of eccentricity at 29:2 resonance. ®, from R.A.E. orbits; X, from U.S. Navy orbits.
——, THROE fitting of e.

5.4. Fifteenth-order (15:1) resonance
5.4.1. Equations for 15 :1 resonance

As for the two preceding resonances, the most important terms in equation (4) for 15:1
resonance are likely to be those with == 1, because y = 2 terms are associated with harmonics
of order 30 (m = yf3), and should be considerably smaller than those of order 15. Again the most
important terms with y = 1 are those with ¢ = 0, 1 and — 1, since ¢ = 2 terms have an extra ¢
factor. Therefore, with y = 1, m = 15 and £ = yao— ¢ = 1 —¢, and concentrating on terms with
(v,q) = (1,0), (1,1) and (1, — 1), the affixes (¢, £) in equations (6) are (0, 1), (1,0) and (—1,2).
So, writing only the three terms with (y,¢) = (1,0), (1,1) and (1, — 1) explicitly, equation (4)
giving the theoretical variation of inclination may be written for 15: 1 resonance as

di n (R\Y - 0.1 -
TRy (;) [(15 —cost) I5 15, ,{Cl3 ' sin @ — S% ! cos D}
17 R I 01,0 o3 (1,0
+%% (15) Z Frg,15,80513° sin (D — ) + Cf5° cos (P — w)}
+13¢ (15— 2 cosi) (1;3) Fig 15,7 {855 ?sin (D + w) + Czb2 cos (D +w)}

(}le)'? cos

+ terms in{ .
(Ig])! sin

(v0-qa) |- (23)

50-2
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492 D. M. C. WALKER

The three pairs of lumped coefficients C%* and S$%* appearing in equation (23) may be written
in terms of the individual geopotential coefficients (C,,, S,) as indicated in equation (6).
Explicitly, with the @f* expressed in terms of the ¥ functions, the C%* are

= = F, R\2 Fig 15,9 (R\* =
C% = Cig 15— ~17’15’8(_) Cizn +——’—L’(“) Clo, 15—+ (24)
1518 Fis 15,7 \@ ° Fis 157 \a ’
= =~ 19F.s,15,9 R\? 5 21F2 ,15,10 (R\* =
0115’0 = 016,15_ﬁ“]—'— (“;) 18,15+ ”_F—o_ (';l‘) 020,15“‘ ceey (25>
16,15,8 16,15,8
~_ = 15F18,15,8 R\2 5 17Fz ,15,9 (R\* ~
Cih? = 016,15_ i‘ﬁ— (—a—) 18,15 ﬁo‘— (;) 20,15 " ** > (26)
16,15,7 16,15,7

and similarly for S, on replacing C by § throughout. The resonance angle @ is given by equation
(5) with @ = 1 and g = 15.

For the 15: 1 resonance, the theoretical variation of eccentricity given by equation (7) may be
written in terms of the same (C%*, S%%) as

B _ -
de_n (lg) H:er,m 2 (O sin @ — Sz cos D)

di 2

—17 (R) Fg 15,555 sin (@ — ) + C cos (@ — w)}

a

[ (§) e oy COS B
+ terms in [—————————(lg’)! {q 2(k+q)e}sin (Y@ —qw) ]] (27)
Three terms are given explicitly in equation (27), those with (y, ¢) = (1,0), (1,1) and (1, —1).
The main terms, as with the previous two resonances, are expected to be those with (y, ¢) = (1,1)
and (1, — 1), but the (y,¢) = (1, 0) term is given for consistency with equation (23).

5.4.2. Analysis of inclination,

At the time of 15th-order resonance, nine prOP orbits from table 2 and 13 U.S. Navy orbits
were available for analysis. The analysis covers a period of approximately 2 months before and
1 month after the date of exact 15:1 resonance, Mjp 42302 (1974 September 12). All values of
inclination were cleared of lunisolar and zonal harmonic perturbations by using the ProD
program (Cook 1¢73) with one-day integration steps; and the nine values from table 2 were
cleared of the J, , perturbation. The U.S. Navy values were given standard deviations of 0.003°
and the prop values were given their quoted standard deviations in table 2.

The 22 values of inclination were fitted with equation (23) by using THROE, i.e. with (v, ¢) =
(1,0), (1,1) and (1, —1). The coefficients (C, §)%* in equation (23) were undetermined in this
fitting, so the values were then fitted with just (y, ¢) = (1, 0). For this fitting the U.S. Navy value
at MJD 42 333 was dropped because it was inaccurate and the A4, values on the orbits were changed
as for the 29:2 resonance (see §5.3.3). The values obtained were

100C% = —36 + 21, 1098%' =9+ 17, (28)

with € = 1.102. The fitted curve is shown as a full line in figure 9. These values of (C, S)%!
are quite small and consequently not well determined. Previous evaluations of 15th-order
coefficients (King-Hele, Walker & Gooding 19755) indicate that at inclinations near 65° the
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COSMOS 462: ORBIT DETERMINATION AND ANALYSIS 493

values of both C%' and %! are near zero, and of order (0 + 20) x 10~?; the variation of C{3! and
S%!near 65°is not very well defined in King-Hele ez al. (1975 ) because the only value available
near 65°—Cosmos 387 at 62.9°~may not be entirely reliable, as the data on which it is based are
very limited.

As the (C, 8)%! coefficients are small for 1971~106A, it was worth fitting the inclination values
with (y,¢) = (1,1) and (1, —1). The values obtained were

10°CL° = 29 + 83, 109850 = 196 + 142,

10°C5E02 = 116 + 124, 10985302 = 145 + 97, }
with € = 1.096. These results were then used with the results for eccentricity in a SIMRES fitting
(§5.4.4).

(29)

o | -
o
>
=)
g
g
=5 65.695 X -]
A
1974
Jul 12 Aug 21 Sep 30 Nov §
| | 1 1 | | J
42240 42280 42320 42360

date/mMjp

F1cURE 9. Variation of inclination at 15th-order resonance. @, from R.A.E. orbits; x, from U.S. Navy orbits.
——, THROE fitting of ¢ alone; ----, sSIMREs fitting of ¢ and ¢ together.

5.4.3. Analysis of eccentricity, e

The same 21 orbits used in analysing the inclination were analysed to determine the effect of
15: 1 resonance on the eccentricity: the U.S. Navy value at Mjp 42 333 was dropped again because
it was inaccurate. All the 21 values of ¢ were cleared of lunisolar and zonal harmonic pertur-
bations with the aid of ProD. The PrOP values were given the standard deviations quoted in table
2 and the U.S. Navy values were given standard deviations of 0.00008. The density scale height
was taken as 35.5 km.

After the first THROE fitting with equation (27) it was again apparent that the U.S. Navy values
suffered a bias relative to the prop values (see §5.2.3). To overcome this bias, the quantity
0.0002 sin w was subtracted from each U.S. Navy value of eccentricity. In order to obtain the right
adjustment for the effects of atmospheric drag by THROE, the values of M, were changed using the
technique described in §5.3.3.

After the first fitting with THROE, with (y, ¢) = (1,0), (1,1) and (1, — 1), it was apparent that
seven coefficients could not be determined from 21 values of eccentricity. As the (1, 0) terms have
very little effect on eccentricity, the values were next fitted with (y,¢) = (1, 1) and (1, —1). The
values of the lumped coefficients obtained were

10°CL°
10°Cb2

Il

124 + 64, 109550 = 28 + 104,} (30)

— 154 +89, 109812 = — 6 + 54,
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494 D. M. C. WALKER

with ¢ = 1.469, The fitted curve is shown as a full line in figure 10. The values of all the coefficients
in equation (30) agree with those from equation (29) to within 1.3 times the sum of their standard
deviations. So the prospect of achieving a better fit with siMREs is good.

x X
0.0492 | -
N\
WV
&
g - -
=
8
3
0.0488 |~ -
X
1974
Jul 12 Aug 21 Sep 30 Nov 9
] ] l J | 1 |
42240 42280 42320 42360

date/Mjp

Ficure 10. Variation of eccentricity at 15th-order resonance. @, from R.A.E. orbits; x, from U.S. Navy orbits.
, THROE fitting of ¢ alone; ----, sSIMRES fitting of ¢ and ¢ together.

5.4.4. Inclination and eccentricity fitted simultaneously

The values of inclination and eccentricity fitted separately by THROE with (y,¢) = (1,1) and
(1, —1) were next fitted simultaneously with the aid of the computer program SIMREs. As ex-
plained in § 5.2.4, this program allows a choice of weighting. In the first fitting, 7 and ¢ were given
equal weight and in the second ¢ was degraded by a factor equal to the ratio of the final values of
e on the THROE fittings, namely 1.340 (= 1.469/1.096). The second fitting is the more logical, and
gave lower standard deviations for all four lumped coefficients; so it was preferred. The fittings are
shown in figures 9 and 10 by broken lines, and it is very satisfactory that these are just as good as the
separate fittings (unbroken lines). The values of the lumped coefficients given by sIMRES are

10°CL° = 51 + 24, 109850 = — 55 +17,
15 15

_ _ 31
109C;12 = — 67+ 10, 1098502 = — 19 + 24, (31)
15

It can be seen that the standard deviations here are much lower than those in equations (29) and
(30), so the combined fitting is well worth-while. The values in equations (31) differ from the
corresponding values in equations (29) by less than 1.7 times the sum of the standard deviations
and from the corresponding valuesin equations (30) by less than 0.9 times the sum of the standard
deviations. The individual differences for each coefficient expressed as multiples of the sum of the
standard deviations are as follows:
Ch® S G Sit?
¢ 0.2 1.7 14 1.4
e 0.8 0.7 0.9 0.2.
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COSMOS 462: ORBIT DETERMINATION AND ANALYSIS 495

The lumped coefficients in equations (31) should be useful in a future determination of the
individual coefficients of the 15th order and even degree. In a previous determination (King-
Hele et al. 1975 a) there were no reliable values for inclinations near 65°.

6. ATMOSPHERIC ROTATION
6.1. Introduction

The upper atmosphere is rotating at approximately the same rate as the Earth: therefore the
aerodynamic force acting on a satellite has a component perpendicular to the orbit, and this has
the effect of reducing the inclination, ¢, of the orbit during the course of the satellite’s life. For a
high-drag satellite, atmospheric rotation is the most important force perturbing ¢; so if the change
in ¢ is accurately measured, and other perturbations are removed, the rotation rate of the upper
atmosphere in the region near the satellite’s perigee can be determined, i.e. the zonal (west-to-
east) wind speed near perigee can be evaluated.

The perturbations to be removed are caused by (1) lunisolar gravitational attraction, (2) zonal
harmonics in the geopotential, (3) the J, , tesseral harmonic, (4) any change in ¢ due to resonance
and (5) the change in inclination due to meridional winds. The values of inclination are cleared
of the effects of (1) and (2) by using the computer program proD with one-day integration steps.
The effect of perturbation (3) is removed by calculation of its numerical value for each ProP orbit.
The resonances have already been analysed in §5, and the effects of meridional winds and other
perturbations are discussed in §6.3.

6.2. Theory

The change A7 in the inclination of a satellite’s orbit due to atmospheric rotation is given in
terms of the change ATy in the satellite’s orbital period, due to drag, by the equation (King-
Hele & Scott 1966)

I I I Ai
1 2 2 2 —_
[6F {1 + 2e + de (1 +10) (Io+ 28[0) cos (2w)}] T

=Asini[1+—1—2(1+c) 0s (2w) —

A ! (1 +cos (20)) + (1+I cos (40)))

9cha
A 1y

—ce{(1+cos(2w))£1 !—cos 2w)

§. 11
IO 1-0 { 4+ §- COS (20)))

+1(1—cos (2w))§—2} +0(c8, e3)]. (32)

In equation (82), which applies for an eccentricity of 0.2 or less, 4 is the angular velocity of the
atmosphere (about the Earth’s axis) in the region near perigee, divided by the Earth’s angular
velocity: thus 4 is strictly non-dimensional, but can conveniently be expressed in rev/day because
the Earth’s rotation rate is 1.0 rev/day. In equation (32) the change in orbital period ATj is
expressed as a fraction of a day; the term in cos (4w), which was neglected in King-Hele & Scott
(1966), has been restored.

Other parameters in equation (32) are as follows: the I, are the Bessel functions of the first kind
and imaginary argument, of degree n and argument z = ae/H, where H is the atmospheric
density scale height. The parameter ¢ takes account of atmospheric oblateness and is given by
¢ = {¢’a(1 —e¢) sin%}/2H, where ¢’ is the ellipticity of the atmosphere, taken the same as that of the
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496 D. M. C. WALKER

Earth, 0.00335. The factor F'is given by /F =1— {a(1 —¢) wcosi}/V}, where V}, is the satellite’s
velocity at perigee and w is the angular velocity of the atmosphere near perigee. Usually 4/F has a
value between 0.95 and 1.05. For 1971-106A, at inclination 65.7° with perigee height near
200 km, ,/F ~ 1—0.0025A.

The change in inclination due to meridional winds is given by (King-Hele 1966)

A7 Y2 . 2 3 K\I KI
— = — Lt cosi{——— 1—=)32cosw—-=2cos (3w) +0(0.1,¢ 33
ATq 3JF :1+coszz} {( 4)]0 4], (30) +0(0.1,e)y, (33)
local time at perigee/h
24 2 2% 2 24 24 Lo 2 2% 2% 24 2% 2% | 24 2%
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RO LTI *,
-C Q
65.72 | i 3%5# ? |l
|
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Ficure 11. Values of inclination cleared of perturbations. The fittings to the points inside the boxes are shown in
figures 5, 7, 9 and 12.
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COSMOS 462: ORBIT DETERMINATION AND ANALYSIS 497

where K = sin%/(1+cos%) and g is the south-to-north atmospheric rotation rate, that is the
south-to-north wind speed (m/s) divided by rwy where 7 is the distance from the Earth’s centre
(m) and wy is the angular velocity of the Earth (72.7 x 106 rad/s); so rwg = 6580000 x 72.7 x
10~% = 478 m/s if perigee height is near 200 km.

6.3. Fitting of theoretical curves to the inclination

The values of orbital inclination from the 85 orbits of table 2 and the 15 orbits of table 4 have
been cleared of the effects of lunisolar, zonal harmonic and J, , tesseral harmonic perturbations,
and the values have been plotted as circles in figures 11 and 12. The 15 values of figure 12 can be
regarded as superseding the last three values of figure 11.

upper scale: local time at perigee[h; lower scale: latitude of perigee/deg
03 02 Oll 2{‘ 2? 2|2

!
. T T T I

54 56 58 60

T
/
—_——
)

65.660
B T~ i
~
\
N

65.656 |- Jr\ ]
m O
N
o
2 B -
g A=11
£ -

T

p=-0.2
65.652 \\% -

A=11
65.648 |- 4——‘————/“0—————"' -
1975
| Ma{ 21 | Mar 25 . Malr 29 . Ap[ 2 .
42492 42496 42500 42504
date/Mjp

Ficurk 12. Values of inclination, cleared of perturbations, for last 15 days,

Perturbations in inclination due to Earth and ocean tides and solar radiation pressure have not
been taken into account. The tidal perturbation in ¢ for Geos 1, a satellite with an orbital incli-
nation similar to 1971-106A, amounts to + 0.0004° (Felsentreger ef al. 1976). To allow for the
neglect of this effect, all the standard deviations less than 0.0005° have been increased to 0.0005°.
The effect of solar radiation pressure is very small: its effect on Explorer 24, a satellite in a com-
parable orbit but of much higher area-to-mass ratio, analysed by Slowey (1975), shows that the
effect of solar radiation pressure on i for Cosmos 462 is likely to be of order 0.00001°.

51 Vol. 292. A
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The theoretical variation of 7 due to atmospheric rotation and meridional winds can be deter-
mined for a series of values of 4 and p, by using a computer program (RoTATM) based on equa-
tions (32) and (33). The theoretical variation of ¢ was calculated for values of A4 between 0.8 and
1.4 atintervals of 0.1, with # = 0 and 0.2, every 20 days throughout the satellite’s life until the last
15 days, when the variation of i was evaluated daily. The values of 7 in figures 11 and 12 were then
fitted with the best theoretical curves. Figure 11 divides naturally into four sections separated by
the perturbations in inclination at 14: 1, 29:2 and 15:1 resonances. These resonances have been
analysed in §5 and the change in inclination due to resonance is available for each resonance. At
the end of each resonance period the curve for atmospheric rotation is started at the value of ¢
given at the end of resonance in the resonance analysis (see figures 5, 7 and 9), with atmospheric
rotation perturbations restored. There is a fifth section to be fitted with a theoretical curve, for
the last 15 days when the daily orbits are available (figure 12).

The variations in ¢ due to meridional rotation, south-to-north winds, are proportional to
cos w (see equation (33)) and therefore the effect usually cancels out over one cycle of w for a
fixed value of x. However, the value of u itself varies and both theoretical studies (Blum &
Harris 1972, 1975; Ching & Straus 1977) and experimental results (Amayenc 1974; Blum &
Harris 1975; Antoniadis 1976; Harper 1977) suggest that # has an approximately sinusoidal
variation during the course of 24 h; with maximum wind towards the equator at about 02 h local
time and maximum wind away from the equator at about 14 h. For 1971-106A the variation in @
is slow (one cycle in about 1.8 years, see figure 3) and the local-time variations, indicated at the
top of figure 11, are much faster, one cycle every 90 days approximately. The first four sections in
figure 11 are all averaged in local time, covering about 200 days. The effect of # will therefore
tend to cancel out, and the fittings were made with the x = 0 curves. It is possible that the mean
value of x is non-zero, but the effect is generally small: on the first section, for example, the effect
of # = 0.05 throughout would be to change i by 0.0005°.

So the values of inclination are fitted by choosing the best values of A assuming x = 0 on the
first four sections. After allowance has been made for the breaks at resonance, the best fit between
theory and observations for the four sections of figure 11 was obtained with values of atmospheric
rotation 4 of 1.1, 0.9, 1.0 and 1.0 respectively.

In order to assess the likely errors in these values of 4, a realistic estimate of the likely errorsin ¢
at the beginning (i) and end (ze) of each section, o and o, was made, and then the standard
deviation in A was taken as A(o2 + 02)# (i —ie) 1. For the first three sections of the curve in
figure 11 the errors oy and o are estimated as being between 0.0005° and 0.0007°, and this gives
errors in 4 of near 0.05 on all three sections. For the fourth section the error in A is 0.02 on the
same basis. This value is so small that other errors, hitherto neglected, may become significant:
there is a possible error of about 0.01 from the neglect of O(¢3) terms in equation (32), and possibly
errors approaching 0.01 from errors in the assumed atmospheric ellipticity. There may also be a
small error, not more than 0.02, from neglect of the effects of 31: 2 resonance.

There is a possibility that the atmospheric winds depend on season, so the latitude and ‘sea-
sonal bias’ of perigee are indicated below the curve in figure 11.

In fitting the values of inclination in the last 15 days of the life (figure 12) the effect of meridional
winds should be included. The season is near equinox and the perigee latitude is 54~62° N: in
these conditions, the prevailing winds are (Blum & Harris 1972, 1975; Amayenc 1974; Antoniadis
1976; Harper 1977; Ching & Straus 19777) from north to south of order 100 m/s at local times from
23 h through midnight to 05 h, with only very weak winds from 17 to 23 h local time. So it is
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appropriate in figure 12 to take 4 = — 0.2 up to March 30, and # = 0 thereafter. With these values
of u, the best fit is obtained with A4 = 1.1: the curve fits all the 15 values in figure 12 to within
1.5s.d., and, taking o, and o as slightly less than 0.001°, the s.d. in /4 is assessed as 0.1.

6.4. Results
Previous studies of upper-atmosphere zonal winds (King-Hele & Walker 1977) have shown
that the value of A varies with both height and local time. Figure 13 of King-Hele & Walker
(1977) gives three curves for the variation of A with height, for evening (18-24 h), morning
(04-12 h) and average values of local time. A revised version of this diagram is given as
figure 2 of Walker (19785).

TABLE 5. VALUES OF ATMOSPHERIC ROTATION RATE, /, OBTAINED FROM 1971-106A

height local ‘seasonal
date km time bias’ A
21 Jan.-2 Oct. 1972 253 average winter 1.1+0.05
30 Jan.-30 Sept. 1973 250 average summer 0.9+ 0.05
20 Jan.—14 July 1974 239 average average 1.0+ 0.05
24 Oct. 1974-19 Mar. 1975 218 average average 1.0+ 0.03
19 Mar.—4 Apr. 1975 199 03-21 h — 1.1+0.1

The results obtained here are listed in table 5. The values of 4 are given for each section of
figure 11 and for figure 12, together with an estimate of the height and local time at which the
values apply. The ‘seasonal bias’, as given by the latitude of perigee and time of year (see figure
11), is also indicated. The height is taken as $H above the average perigee height (King-Hele &
Scott 1969).

The first section of the fitted curve in figure 11 gives a value of 4 = 1.1, and during nearly the
whole of this period the perigee is experiencing ¢ winter’ conditions. For the second section, with
A = 0.9, the perigee is enjoying predominantly ‘summer’ conditions; for the third and fourth
sections, where A = 1.0, perigee has average seasonal conditions. (Although the third section
may seem to have a bias towards ‘ winter’ the short ‘summer’ occurs during the time of greatest
change in 7.) These results suggest that 4 may be higher in winter than in summer. Such a
seasonal dependence of A has not been detected before in the analysis of satellite orbits, but
measurements at specific sites by the radar back-scatter method (Antoniadis 1976; Hernandez
& Roble 1976; Roble, ¢t al. 1977) indicate that the strongest west-to-east winds usually occur in
the winter, i.e. 4 is higher in the winter. The results here lend support to this conclusion.

The first four values of 4 in table 5 (for average local time) are all below the average curve in
figure 2 of Walker (19785). This decrease in the value of 4 can also be detected in other analyses
of satellite orbits (Walker 1974 ; Hiller 1975, 1978) between 1971 and 1976, when compared with
the average curve of Walker (19785) which is based mainly on results from the 1960s. So it
seems possible that the average rotation rate of the upper atmosphere has decreased during the
early 1970s: further evaluations of atmospheric rotation rate are needed before this tentative
conclusion can be confirmed.

The value obtained for the last 15 days in orbit, 4 = 1.1 + 0.1 at a height of 199 km, is at a time
close to equinox, but it is not averaged over all local times like the other values. The local time
runs from 03 h through midnight to 21 h and there is a mild bias towards the evening hours
because the decrease in inclination is then more rapid. So the value might be described as

51-2
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‘average with aslight bias towards evening’, and indicates west-to-east winds of 25 + 25 m /s at an
average latitude of 58° N. Results for such high latitudes are unusual in satellite orbital analysis,
because the effect of atmospheric rotation becomes very small as perigee approaches apex
(maximum latitude) and it is not usually possible to obtain accurate values of A. The successful
results obtained here are attributable to (a) the large change in orbital period in the last few days
before decay, and (b) the frequent and accurate orbits obtained with the aid of the NORAD
observations.

*x=8. —

Ko ’?Sm;;w ° x ]
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Ficure 13. Values of ¢(1-¢). X, from the 85 orbits; @, after removal of perturbations;
, smooth curve through © values.

7. DENSITY SCALE HEIGHT
7.1. Introduction

The perigee distance, a(1—¢), gradually decreases under the influence of air drag, and the
decrease is proportional to the density scale height, H. So values of H can be found from the
decrease in a(1—e¢). If the odd zonal harmonic and lunisolar perturbations are removed from
a(1—¢), by using PrRoD, the remaining variation should show a steady decrease as a result of air
drag alone. Figure 13 shows the values of ¢(1 —¢) from table 2 as crosses; the values after removal
of perturbations, @, are plotted as circles, with a smooth curve drawn through the points. Figure
14 is a similar diagram for the 15 daily orbits (table 4) before decay. The curve of figure 14 can be
regarded as superseding that of figure 13 from Mjp 42492 onwards. The variation of @, in figures
13 and 14, shows a fairly smooth decrease due to the action of air drag.
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7.2. Method
The theoretical equation for the variation of @ is (King-Hele & Walker 1971)

_ °H, M, H, H H? ¢»
Q=- 3M1e{ 2+ e 3277)}

—%ﬁmnm@m+0Ga (34)
where H is the density scale height, Hy, is the value of H at perigee, H, is the value of H at a height
1.5 Hy above perigee, and ¢’ is the ellipticity of the atmosphere, taken as equal to the Earth’s
ellipticity, 0.00335. Equation (34) is valid for ae/H, > 3.

6550

6540 J
&
=~ -
T
Al
S
6530 .
6520 .
1975
Mar 25 Mar 29 Apr 2
! 1 | | L {
42496 42500 42504
date/mjp

F1GURE 14. Variation of a(1-¢) for last 15 days. x, from the 15 orbits of table 4; ®, after removal of perturbations;
, smooth curve through ® values.

Average values of @ were calculated over a time-interval, A¢, long enough to ensure that an
accurately measurable change, AQ, in @, has occurred. The values of AQ /At serve as values of @
in equation (34), and averaged values of M;, M,, ¢, a, ¢ and cos (20) over the corresponding A¢
were used to calculate values of H, from equation (34).

For 1971-106A, the value of a¢/ H;, exceeds 3 from launch until myp 42495, and 17 values of H;
were calculated during this time: they are plotted as circles in figure 15, and the time over which
they are averaged is indicated. The corresponding average values of height y;( = yp + 1.5 Hp) are
given at the top of figure 15. The standard deviations in the values of /; derive from the estimated
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errors in the values of AQ arising from errors in @. The errors due to neglected terms in (34) are
smaller than the errors in AQ, and are ignored.

After Mjp 42495, when the value of ae/ H}, falls below 3, equation (34) becomes inaccurate, and
the small-eccentricity form of the theory must be used. The theoretical equation for H, when
ae/H, < 3is H, = AQ/f(z), where z = ae/H, and

f(z) = {(791—79)/H}sph. atm. — (¥ (2) ~ ¥ (20 }- (35)

Values of (rp; —7p)/H for a spherical atmosphere are given in figure 18 of King-Hele ¢t al.
(1960); and {Y/(z) —¥(z,)}, the oblateness correction, is given in figure 22 of King-Hele ¢t al.

300 T T T T T T T T T T T T
L — H
250 |- L -
1 ,-—-—-r—-—-___!
yl":-yp-l-l.SHp b
1__.‘____
200 |- ‘-1,_1 -
y=yytyH, -
50 - n

D R
‘OPWL—_‘: é X __%_‘.rfxx: E_¢._, .

X
30

_X_X_
Ry

1975

1972 { 1973 [ 19 | Jan 28 Mar 9 Mar2. Mar29  Apr3
20 | L 1 | I L 1 [ I | 1
41600 42000 42400 L2440 42480 42495 42500 42505
date/Mjp

FicUre 15. Values of density scale height H, at height y, for 1972-5. ®, Values of scale height derived from decrease
in @, with s.d. x, Values of scale height from CIRA (1972).

(1960). The values of H; apply at a height yH, above perigee, where v is given in figure 9
of King-Hele & Cook (1962). Seven values of H, were evaluated between Mjp 42495 and decay,
the last four being daily values. For these seven values, the observed values of e must be corrected
for the odd-harmonic oscillation, and this was done with the aid of Prop. These seven values
of H, are also plotted as circles in figure 15 with their standard deviations. The s.d. is the estimated
error in the value of AQ (between 1.2 %, and 3.8%,) arising from errors in ), together with the
estimated error in reading figures 18 and 22 of King-Hele et al. (1960) (between 29, and 6 %,).
The errors due to neglected terms in equation (35) should be less than 19, and are ignored.
The corresponding average values of height y, (= y, +yHy) are given at the top of figure 15.

The values of H; plotted as crosses in figure 15 are the values of density scale height obtained
from the cospar International Reference Atmosphere 1972 (CIRA 1972) for heights y, and the
appropriate exospheric temperatures, T, obtained from Walker (19784).

7.3. Discussion of results

The general impression gained from studying figure 15 is that the CIRA 1972 values are in
fairly good agreement with the values from the orbital analysis. This confirms the accepted
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opinion that CIRA 1972 represents the scale height H, a very variable parameter, fairly
accurately. The average difference between the observational and CIRA 1972 values in figure
15 is about 19, while the r.m.s. difference is about 109,.

Three of the observational values in figure 15 differ from the CIRA values by more than 5 km,
those at Mjp 41859-42018 (1973 June 26-December 2), Mjp 42253-42329 (1974 July 25-
October 9) and Mjp 42398-42438 (1974 December 17-1975 January 26).

The first of these values is low compared with that given by CIRA, probably because the den-
sity is low over this period, relative to other years (see figure 14 of Walker 19784). The second
value, which is higher than CIRA, is at a time when density is fairly average (see figure 14 of
Walker 1978 4), although it is rising towards the end of the period, so no reason for this high value
can be given. The third value, from 1974 December 17 to 1975 January 26, which is also higher
than CIRA, is however explained by the above-average values of density over the whole period
(see figure 8 of Walker 1978 a).

The results also show that it is possible to obtain accurate and consistent daily values of H at
the end of the satellite’s life when good orbits are available from numerous observations. These
last few values are also in good agreement with CIRA 1972.

8. CONCLUSIONS

The orbit of 1971-106A has been determined at 85 epochs during its 40-month life from 6635
observations. The accurate Hewitt camera observations were used in 24 of these orbits, in which
the average s.d. in inclination corresponds to about 80 m in distance; while for the other 61 orbits
the average s.d. corresponds to about 170 m in distance. The other orbital parameters show im-
proved accuracy with the camera observations, but to a lesser degree. The residuals of the obser-
vations have been sent to the observers.

A further 2000 observations were received from NORAD covering the last 15 days of the satellite’s
life. With these observations, 15 daily orbits were determined. These orbits at the end of the
satellite’s life are more accurate and at closer intervals than has been possible in the past; the
average s.d. in inclination corresponds to about 120 m in distance.

Analysis of the inclination and eccentricity at 14:1, 29:2 and 15:1 resonances, has yielded
lumped values of the harmonic coefficients of order 14, 29 and 15. The lumped 14th-order coef-
ficients from fitting ¢ and ¢ with SIMRES are given in equation (16) and have been used in a recent
evaluation of the 14th order-harmonics. The analysis of the change in inclination at 29: 2 reso-
nance yielded lumped coefficients, equation (22), which should be useful in the future in deter-
mining the individual coefficients of order 29. The variation in eccentricity was too small to
analyse successfully. The siMRrEs fitting of inclination and eccentricity at 15th-order resonance
was very satisfactory. The lumped coefficients are given in equation (31) and will be useful in a
further determination of the individual coefficients of 15th order.

The variation of inclination between the resonances has been analysed to obtain four values of
the average atmospheric rotation rate, 4. The results are summarized in table 5. Because of the
very slow movement of perigee, two of the values of 4 had strong seasonal bias and the results
suggest that 4 may be higher in winter than in summer. This seasonal difference has not been
detected before from analysis of satellite orbits, but is in agreement with measurements at
specific sites by the radar back-scatter method. The values of 4 are lower than expected, and it
seems possible that the average rotation rate of the upper atmosphere was lower during the early
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1970s than in the 1960s. The daily orbits over the last 15 days of the satellite’s life give west-to-
east winds of 25 + 25 m/s at an average latitude of 58°N. Results for such high latitude are
unusual, but are possible here due to the large change in orbital period in the last few days before
decay, and the frequent and accurate orbits obtained with the aid of NorRAD observations.

Values of density scale height, A, have been determined from analysis of the variation of perigee
height. A total of 24 values was obtained during the satellite’s 40 month life: eight of these were in
the last 15 days of the life and the last four were daily. The values obtained show fairly good
agreement with CIRA 1972; the average difference between the observational and CIRA 1972
values is about 19, and the r.m.s. difference 109,. Only three observational values differ from
CIRA 1972 by more than 5 km and reasons for two of these differences have been suggested. The
agreement shows that CIRA 1972 provides a good measure of the density scale height for the
years 1972-5.
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TABLE 1. SOURCES OF THE OBSERVATIONS USED IN EACH RUN

source of observations
A

s IR
Cape
kinethe- British U.S.
run no. Hewitt camera odolite visual radar Navy Finland total
1 10F 4 11 29 54
p 2 6 5 38 49
e 3 15M 41 31 87
~ 4 4 35 47 86
Z 5 5E, 4M 2 37 6 26 80
6 IM 39 15 55
> 7 2 20 15 39 76
olm 8 28 30 58
= 9 46 25 1
O 10 5M 10 36 51
= 11 21 47 68
o 12 2 34 36
Hwv 13 10 56 66
- N 14 13 76 89
5z 15 15 5 46 66
59 16 35 36 7
&b, 17 5E, ™M 43 40 95
Q<5 18 35 34 29 98
0‘2 19 4E 23 56 5 88
=% 20 2 3 34 39
—= 21 10E 14 53 77
22 15 35 50
23 43 45 3 91
24 10M 26 17 40 18 111
25 10E 7 38 29 84
26 5M 5 38 25 73
27 3 46 33 82
28 5M, 5E 9 50 32 101
29 12 18 36 24 90
30 15E, 15M 2 51 16 2 3 104
31 5M 41 12 18 76
32 26 44 18 16 104
33 M 5 40 17 67
34 9 34 22 65
| 35 6 9 21 28 64
g 36 5M 17 20 22 64
< 37 6M 8 9 18 21 62
2 38 10M 3 46 33 92
39 14 14 30 18 76
S 40 5E 3 17 26 51
olm 41 6 10 10 35 61
= 42 6 33 22 61
MmO 43 11 36 27 4 78
= 44 16 37 24 25 3 105
@, 45 4 7 34 26 71
=w 46 4 3 35 30 72
- 47 2 4 36 25 67
5z 48 sM 32 30 31 98
=0 49 8 39 40 31 118
o 5 . 50 4 48 41 93
Q<0 51 7 44 32 83
o 52 4 6 28 23 3 64
= 53 44 24 16 9 93
Eé 54 2 16 36 28 12 94
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TABLE 1 (cont.)

Source of observations
A

r Rl
Cape
kinethe- British U.S.
runno.  Hewitt camera  odolite visual radar Navy Finland total
55 5M 21 30 39 15 110
P 56 24 36 35 95
T 57 35 43 78
| 58 13 39 35 87
— 59 10M 13 36 36 95
< > 60 2 13 50 32 97
> 61 5M 24 48 a1 118
oH= 62 5M 12 36 24 77
= 63 48 42 34 124
= O 64 9 54 32 95
L O o6 P - 7
e 67 10 44 33 87
=N 68 25 50 33 108
5% 69 11 40 34 85
= 70 2 10 48 31 91
a5, 71 2 3 58 30 93
Q<5 72 6 6 a4 23 79
oZ 73 13 42 28 83
=< 74 4 44 29 7
T 75 4 52 17 73
76 2 56 18 76
77 4 5 66 25 100
78 2 52 20 74
79 56 21 7
80 4 50 17 71
81 2 36 24 62
82 34 10 44
83 28 17 45
84 8 13 21
85 41 10 51
total 197 126 1305 2335 2552 120 6635
E, observations made by Edinburgh Hewitt camera.
| M, observations made by Malvern Hewitt camera.
\/é -
\\4
—
SIS
olm
2
E O
o
v NOTATION IN TABLES 2 AND 4.
:tl% Mjp  modified Julian day M, mean anomaly at epoch (deg)
©o a semi major axis (km) M; mean motion n (deg/day)
E = e eccentricity My, My, My, Mg later coefficients in the polynomial for M
O&t) 5 i inclination (deg) ¢ measure of fit
D £ right ascension of ascending node (deg) N number of observations used
9 Z » argument of perigee (deg) D time covered by the observations (days)
Ta
o=

52-2
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